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Abstract
We study four-point correlation functions with logarithmic behaviour in Liouville field theory on a sphere, which consist
of one kind of the local operators. We study them as non-integrated correlation functions of the gravitational sector of two-
dimensional quantum gravity coupled to an ordinary conformal field theory in the conformal gauge. We also examine, in the
(p, q) minimal conformal field theories, a condition of the appearance of logarithmic correlation functions of gravitationally
dressed operators.
 2002 Elsevier Science B.V.
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One of physical examples in logarithmic conformal
field theories [1–3] is the gravitationally dressed con-
formal field theory. Two-dimensional quantum grav-
ity coupled to a free massless Majorana fermion field
theory in the light-cone gauge had been studied in
Ref. [4], where the non-integrated four-point correla-
tion function of the gravitationally dressed operators,
which has logarithmic behaviour, was obtained. The
origin of the logarithms of such models is Liouville
field theory which describes the gravitational sector of
the system. However, correlation functions with loga-
rithmic behaviour in the Liouville field theory are not
sufficiently understood so far.
E-mail address: syama@post.saitama-u.ac.jp
(S.-i. Yamaguchi).
The purpose of this Letter is to study four-point cor-
relation functions with logarithmic behaviour in Li-
ouville field theory on a sphere. We consider a cer-
tain class of four-point correlation functions of local
Liouville operators, which can be regarded as non-
integrated correlation functions of the gravitational
sector of two-dimensional quantum gravity coupled to
an ordinary conformal field theory in the conformal
gauge. We obtain the correlation functions with log-
arithmic behaviour and find the appearance of loga-
rithms is the same mechanism as that in the Coulomb-
gas construction of the correlation function in the
c=−2 conformal field theory [5]. We also examine a
condition of the appearance of logarithmic correlation
functions consist of one kind of gravitationally dressed
operators in the (p, q) minimal conformal field theo-
ries, and obtain the correlation function. The appear-
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ance of the correlation function with logarithmic be-
haviour in the gravitational dressing of the Majorana
fermion field theory [4] can be also understood in our
formulation.
We first consider two-dimensional quantum gravity
coupled to a conformal field theory on a sphere. The
conformal field theory can be regarded as the matter
part in the system. After conformal gauge fixing, the
gravitational sector is described by the Liouville field
theory with the action [6]
SL[gˆ, φ] = 18π
∫
d2ξ
√
gˆ
(1)× (gˆαβ∂αφ∂βφ −QR̂φ + 4µ eαφ),
where R̂ is the scalar curvature with a fixed reference
metric gˆαβ and µ is the renormalized cosmological
constant. If the two parameters Q and α satisfy the
condition
(2)Q=−α − 2
α
,
the Liouville field theory (1) describes a conformal
field theory with the central charge [7]
(3)cL = 1+ 3Q2.
The primary field in the theory takes the form eβφ and
which has the conformal weight [7,8]
(4)hβ =−12β
2 − 1
2
βQ.
The two Eqs. (2) and (4) imply that the conformal
weight hα of the operator eαφ in the action (1) is one.
When we consider the case that the matter part is
realized by the (p, q) minimal conformal field theory
which has the central charge [9]
(5)cp,q = 1− 6 (p− q)
2
pq
,
the parameters Q and α are respectively given by [6]
(6)Q=−α+ − α−,
where
(7)α+ = α =−
√
2q
p
, α− = 2
α+
=−
√
2p
q
.
For each primary field Φr,t (ξ) with the conformal
weight [9]
∆r,t = 18
[
(rα− − tα+)2 − (α− − α+)2
]
(8)(tα+ > rα−),
there exists a gravitationally dressed operator of the
form [6]
(9)Or,t (ξ)= eβφ(ξ)Φr,t (ξ).
The parameter β is fixed by the requirement that the
operator Or,t (ξ) is a primary field with the conformal
weight one [6]:
(10)β = βr,t = 12 (1− r)α− +
1
2
(1+ t)α+.
As discussed in Ref. [8], in general, only when the
parameter β satisfies the condition Reβ > − 12Q, the
operator eβφ(ξ) can be interpreted as a local operator.
All the operators (9) have real βr,t with βr,t > − 12Q.
Therefore they are local operators. The cosmological
term operator eαφ(ξ) in the action (1) is a particular
case of the operator (9) with Φ1,1(ξ).
We now consider non-integrated four-point correla-
tion functions of the gravitationally dressed operators
on a sphere with fixed area A. In order to study gen-
eral properties of the correlation functions, we use lo-
cal operators eβiφ(ξ) with real βi which is not fixed by
Eq. (10). On the complex plane, the correlation func-
tions are separated into the Liouville part and the mat-
ter part as
(11)
〈 4∏
i=1
Oi(zi , z¯i)
〉
A
=
4∏
i=1
〈
eβiφ(zi ,z¯i )
〉
A
〈
Φi(zi , z¯i)
〉
.
The Liouville expectation value is given by [6]〈 4∏
i=1
eβiφ(zi ,z¯i )
〉
A
=
∫
Dφ e−SL[gˆ,φ]
4∏
i=1
eβiφ(zi ,z¯i )
(12)
× δ
(∫
d2u
√
gˆ eαφ(u,u¯) −A
)
.
After integrating the zero mode φ0 (φ = φ0 + φ˜), we
obtain
(13)
〈 4∏
i=1
eβiφ(zi ,z¯i )
〉
A
= 1|α|A
−s−1G˜(s)L ,
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where
(14)G˜(s)L =
〈 4∏
i=1
eβi φ˜(zi ,z¯i )
(∫
d2u eαφ˜(u,u¯)
)s〉
.
The parameter s is
(15)s =− 1
α
(
Q+
4∑
i=1
βi
)
and the expectation value (14) of the non-zero modes
φ˜ is defined by using the free action
(16)S0[φ˜] = 18π
∫
d2z ∂αφ˜ ∂
αφ˜.
In general, the parameter s takes a generic real value.
When s is a non-negative integer, we can evaluate the
expectation values (14). The correlation function (11)
with a generic real s can be obtained by an analytic
continuation in s from that obtained for non-negative
integers [10]. However, the analytic continuation is
possible only after performing the integrals of posi-
tions of the operators Oi(zi , z¯i) in (11). Our purpose
is to study properties of the non-integrated correlation
functions, so in the following, we restrict ourselves to
the cases with s ∈ Z+ since the case with s = 0 is triv-
ial.
The non-zero mode expectation value (14) can be
evaluated by using a similar technique as is used in
the Coulomb-gas construction [11] of the minimal
conformal field theories. In this way, G˜(s)L can be
represented as
G˜
(s)
L =
∏
1i<j4
|zi − zj |−2(hi+hj )+ 23h
× |x|2(h1+h2)− 23h−2β1β2
× |1− x|2(h2+h3)− 23h−2β2β3
(17)× I (s)(−αβ1,−αβ3,−αβ2;− 12α2;x),
where h=∑4i=1 hi , x = (z1−z2)(z3−z4)(z1−z3)(z2−z4) and
I (s)(a, b, c;ρ;x)
=
∫ s∏
i=1
d2ui
s∏
i=1
[|ui |2a|1− ui |2b|ui − x|2c]
(18)×
∏
1i<js
|ui − uj |4ρ.
The integral representation I (s)(a, b, c;ρ;x) can be
transformed into a sum of squares of line integrals
(19)
I (s)(a, b, c;ρ;x)=
s∑
k=0
X
(s)
k
∣∣I (s)k (a, b, c;ρ;x)∣∣2,
where
I
(s)
k (a, b, c;ρ;x)
=
x∫
0
k∏
i=1
dui
∞∫
1
s∏
j=k+1
duj
s∏
i=1
uai
×
∏
1i<js
(ui − uj )2ρ
k∏
i=1
(1− ui)b(x − ui)c
(20)×
s∏
j=k+1
(uj − 1)b(uj − x)c.
The explicit forms of the coefficients X(s)k can be
found in Ref. [11].
To study concrete examples in detail and to com-
pare our results with that of Ref. [4] later, from now
on, we consider the correlation functions consist of
one kind of Liouville operators, i.e., β1 = β2 = β3 =
β4 ≡ β in Eq. (14). Then, from Eq. (15), the parameter
β takes the values
(21)β =−1
4
(s − 1)α + 1
2α
.
Before evaluating the correlation functions explicitly,
we examine the x→ 0 behaviors of I (s)k (a, b, c;ρ;x).
They can be obtained by changing the integration
variables as ui = xwi for i = 1, . . . , k in Eq. (20). For
s = 2,3,4, . . . , we obtain
(22)I (s)k (a, b, c;ρ;x)∼ x
1
2 k(s−k)α2.
Therefore,
(23)G˜(s)L ∼
s∑
k=0
X
(s)
k |x|−2β
2+k(s−k)α2 for x→ 0.
The singularities obtained above are those of ap-
proaching the two operators eβφ˜ and k of s operators∫
d2u eαφ˜ one another in the non-zero mode expecta-
tion value (14) since the exponents of |x| can be ex-
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pressed as
(24)
−2β2 + k(s − k)α2 =−2hβ − 2hβ + 2hβ+β+kα.
On the other hand, we find that I (1)k (a, b, c;0;x),
which is I (s)k (a, b, c;ρ;x) with s = 1, has no power
singularities for x→ 0, i.e., a x-independent constant.
This is in contrast to the case with s = 2,3,4, . . . , and
suggests the existence of logarithmic singularities.
Let us express the case with s = 1 more explicitly.
The concrete form of G˜(1)L can be obtained by fixing
z1 = 0, z2 = x , z3 = 1, z4 =∞, and is
(25)G˜(1)L = FL(x, x¯)
∏
1i<j4
|zi − zj |− 43hβ ,
where
FL(x, x¯)=
∣∣x(1− x)∣∣−2β2+ 43hβ
(26)× I (1)(−αβ,−αβ,−αβ;0;x)
and β = 12α . Here, one encounters an indeterminate
form
I (1)(−αβ,−αβ,−αβ;0;x)
(27)= I (1)(− 12 ,− 12 ,− 12 ;0;x)∼ 00
since I (1)0 = I (1)1 = πF( 12 , 12 ,1;x) and X(1)0 = −X(1)1= −1/ sin(−π). This indeterminate form had been
evaluated in Refs. [5,12]. The result is
I (1)
(− 12 ,− 12 ,− 12 ;0;x)
=−π ln |x|2∣∣F ( 12 , 12 ,1;x)∣∣2
− 2F ( 12 , 12 ,1;x)H(x¯)
(28)− 2F ( 12 , 12 ,1; x¯)H(x),
where
(29)
H(x)=
∞∑
n=0
[
Γ
(
n+ 12
)
n!
]2[
ψ
(
n+ 12
)−ψ(n+ 1)]xn.
Thus we find that the appearance of the correlation
functions with logarithmic behaviour in Liouville
field theory is the same mechanism as that in the
Coulomb-gas construction of the correlation function
〈µ(z1)µ(z2)µ(z3)µ(z4)〉 in the c = −2 conformal
field theory [5]. The explicit form of the correlation
functions is〈 4∏
i=1
eβφ(zi ,z¯i )
〉
A
= 1|α|A2
∣∣x(1− x)∣∣−1/2α2
× ∣∣(z1 − z3)(z2 − z4)∣∣−3/(2α2)−1
(30)× I (1)(− 12 ,− 12 ,− 12 ;0;x),
where
(31)β = 1
2α
.
We also find that the correlation functions (30) exist in
the theory with the central charge
(32)cL = 13+ 3α2 + 12
α2
.
Note that the local operator condition β >− 12Q for β
in Eq. (30) is always satisfied since the cosmological
term operator in the action (1) has α satisfying the
condition α > − 12Q. Actually, the parameter α can
takes continuum values in the region −√2 < α < 0,
and the logarithmic theory obtained above has the
central charge cL > 25.
Now, to apply our result to the correlation function
in the gravitational dressing of free massless Majorana
fermion field theory, we finally consider the type
of the correlation function
〈∏4
i=1 Or,t (zi , z¯i)
〉
A
. The
matter part
〈∏4
i=1 Φr,t (zi, z¯i )
〉
does not vanish since,
for such correlation functions, the charge neutrality
condition in the Coulomb-gas construction can be
satisfied by inserting screening charges (Q+)t−1 and
(Q−)r−1 [11]. Corresponding Liouville operators are
eβr,tφ(zi ,z¯i ), in which the value of βr,t is fixed by
Eq. (10). From Eqs. (10) and (31), we obtain a relation
among the integer parameters (r, t) and (p, q) as
(33)2(t + 1)
2r − 1 =
p
q
.
By using the conditions 1 r  q − 1, 1 t  p− 1
and p > q , where p and q are coprime [9], we can
obtain a solution of Eq. (33), which is (r, t) = (2,1)
with (p, q) = (4,3). Therefore we obtain the identi-
fication Φ2,1(z, z¯) = iψ(z)ψ¯(z¯) since ∆2,1 = 1/2 in
the theory with c4,3 = 1/2, where ψ and ψ¯ are free
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massless Majorana fermion fields. Thus, the appear-
ance of the correlation function with logarithmic be-
haviour in the gravitational dressing of the Majorana
fermion field theory [4] can be also understood in our
formulation.
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